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Abstract
We discuss the quantization of a scalar particle moving in two-dimensional de Sitter space.
We construct the conformal quantum mechanical model on the asymptotic boundary of de Sitter
space in the infinite past. We obtain explicit expressions for the generators of the conformal
group and calculate the eigenvalues of the Hamiltonian. We also show that two-point correlators
are in agreement with the Green function one obtains from the wave equation in the bulk de
Sitter space.
1Research supported in part by the DoE under grant DE-FG05-91ER40627.
2ness@utk.edu
3gsiopsis@utk.edu
1
Even though the AdS/CFT correspondence is by now well-understood [1–8], a similar corre-
spondence for a de Sitter space has been quite a puzzle to establish. Such a development is of
considerable interest in view of recent astronomical data suggesting that we live in a Universe of
positive cosmological constant [9].
A concrete proposal for a dS/CFT correspondence was recently put forth by Strominger [10]
and attracted much attention [11]. According to this proposal, all observables in the bulk de
Sitter space are generated by data specified on its asymptotic boundary which can be selected
to be the Euclidean hypersurface I− in the infinite past. The isometries of the de Sitter space
are mapped onto generators of the conformal group of the theory defined on the boundary I−.
This CFT is hard to construct in general, but various features, such as conformal weights and
masses, are known. In three-dimensional de Sitter space, the conformal group on the boundary
is infinite and the central charge is known [12]. The CFT is a Liouville theory [13].
Here we discuss the case of two-dimensional de Sitter space. The asymptotic boundary I−
is a circle, which upon a Wick rotation turns into time. The theory on the boundary is a
conformal quantum mechanical model. We shall explicitly construct this model for the case of
a scalar particle, obtain the generators of the conformal group, calculate the eigenvalues of the
Hamiltonian and the Green functions. Our method of solution is similar to the one discussed by
de Alfaro, Fubini and Furlan (DFF) [14], even though our Hamiltonian differs from theirs.
The two-dimensional de Sitter space (dS2) may be parametrized as
ds2
l2
= −dτ 2 + cosh2 τdφ2. (1)
We will explicitly consider the case where φ spans the real axis (zero temperature limit) and
then comment on what changes need to be made to turn φ periodic (finite temperature).
Consider a scalar field Φ of mass m. It obeys the wave equation in de Sitter space
l2∇2Φ = − 1
cosh τ
∂τ (cosh τ∂τΦ) +
1
cosh2 τ
∂2φΦ = m
2l2Φ. (2)
The operator ∇2 is the Casimir operator in the SL(2,R) algebra generated by
L± = e
±iφ
(
i tanh τ
∂
∂φ
± ∂
∂τ
)
, L3 = −i ∂
∂φ
(3)
Indeed,
ℓ2∇2 = 1
2
(L+L− + L−L+)− L23 (4)
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Focusing on the I− boundary reduces the wave equation to
(−∂2τ + ∂τ + 4e2τ∂2φ)Φ = m2l2Φ. (5)
On this spacelike slice we see the third term is negligible and the wave equation becomes inde-
pendent of φ. The solution to the wave equation (2) behaves asymptotically as
Φ ∼ eh±τ , h± = 1
2
± ν , ν = iµ , µ = 1
2
√
4m2l2 − 1. (6)
We will concentrate on the case of imaginary ν (µ ∈ R) in which h− = h⋆+. Introducing the
coordinate q = eτ , we may write (5) as
f ′′k + 4k
2fk = −m
2ℓ2
q2
fk (7)
where Φ(τ, φ) = eikφfk(q). The solutions are
fk(q) =
√
2kq Zν(2kq) (8)
where Zν is a Bessel function. They form an orthogonal set under the inner product
(Φ1,Φ2) = i
∫ ∞
−∞
dφ
2π
ei(k1−k2)φ (f ⋆k1(q)f
′
k2
(q)− f ⋆k1 ′(q)fk2(q)). (9)
The apparent q-dependence disappears after we apply the wave equation and the integral over
φ leads to a δ-function, as expected. For the Euclidean choice
ΦEk = C
Eeikφ
√
2kq H(1)ν (2kq) (10)
demanding orthonormality, fixes the normalization constant to CE = 1√
8
for real ν, where we
used the Wronskian H
(1)
ν (x)H
(2)
ν
′
(x)−H(1)ν ′(x)H(2)ν (x) = −4iπx . Another interesting choice is
Φ+k = C
+eikφ
√
2kq Jν(2kq). (11)
For an orthonormal set, we choose
C+ =
√
ν
2
Γ(ν)
Γ(1
2
)
(12)
Using the Bessel function identity
Jν(x) =
1
2
(
H(1)ν (x)− eiπνH(1)ν (−x)
)
(13)
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we obtain
Φ+k (q, φ) =
√
ν
2π
Γ(ν)
(
ΦEk (q, φ) + e
iπh+ΦEk (−q, φ)
)
(14)
which differs from [12] by a phase. The Green function for the modes Φ+k can be obtained from
G+(q, φ; q′, φ′) =
∫
dk
k
Φ+k (q,−φ)Φ+k (q′, φ′). (15)
After some algebra, we arrive at
G+(q, φ; q′, φ′) = (C+)2
Γ(h+)
Γ(h+ +
1
2
)Γ(1
2
)
(4P )−h+ F (h+, h+; 2h+;−1/P ) (16)
where P measures the distance between the two arguments of the Green function in the three-
dimensional Minkowski space in which dS2 is embedded,
P =
4(q − q′)2 + (φ− φ′)2
16qq′
. (17)
When P →∞, the Green function behaves as
G+(q, φ; q′, φ′) ∼ (C+)2 Γ(h+)
Γ(h+ +
1
2
)Γ(1
2
)
(4P )−h+. (18)
For the Euclidean modes, the Green function can be found in terms of the Green function
obtained above using (14) [10]. Near the boundary, we deduce the two-point function of the dual
conformal theory,
〈O†(φ)O(φ′)〉 = 2√πΓ(h+)
Γ(ν)
(φ− φ′)−2h+ (19)
If φ is a periodic coordinate with period 2π, then k takes on discrete values and the integral
defining the Green function turns into a sum. The form of the two-point function may be
deduced from the periodicity condition and the singularity, which uniquely determine it. We
obtain
〈O†(φ)O(φ′)〉 = 2√πΓ(h+)
Γ(ν)
(
2 sin
φ− φ′
2
)−2h+
(20)
The boundary conformal theory can be defined in terms of the coordinates q = eτ , φ and their
conjugate momenta p = e−τ∂τ , H , respectively. Instead of the SL(2,R) generators (3), it is
more convenient to introduce the generators
D = i (φ∂φ + ∂τ )
K = −φ2∂φ + 2iφ∂τ + 4e2τ∂φ. (21)
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in the vicinity of the boundary I−. The three operators H,D and K satisfy the SL(2,R) algebra
[H,K] = 2iD, [H,D] = iH, [K,D] = −iK. (22)
The wave equation is mapped onto the constraint
4q2H2 − q2p2 = g , g = m2ℓ2 + A (23)
where we have allowed for the possibility of a normal ordering ambiguity by introducing the
constant A. Classically, we can solve the constraint (23) and express the conformal Hamiltonian
as
H =
1
2
√
p2 +
g
q2
. (24)
The constraint thus reduces the system to a quantum mechanical model with a single degree of
freedom q, with φ playing the role of imaginary time. Notice that our Hamiltonian differs from
the one considered by DFF [14] (theirs is the square of ours), yet the results are similar.
In order to quantize this system, we promote (q, p) to operators (Q,P ) and impose the
standard commutation relation
[Q,P ] = i (25)
The coordinate φ is identified with time after a Wick rotation. D and K (eq. (21)) become the
dilation and special conformal operators, respectively, given by
D = i
(
φH +
1
2
(QP + PQ)
)
K = −φ2H + iφ(QP + PQ) + 2(Q2H +HQ2). (26)
Following the procedure in [14], it is more convenient to start with the values of the SL(2,R)
generators at φ = 0. Let Q0 = Q(0) and P0 = P (0). The three generators reduce to
H =
1
2
√
P 20 +
g
Q20
D =
i
2
(Q0P0 + P0Q0)
K = 2(Q20H +HQ
2
0). (27)
It can be checked explicitly that they obey the SL(2,R) algebra
[H,K] = −2iD, [H,D] = −iH, [K,D] = iK. (28)
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The Casimir operator of this algebra is given by
N =
1
2
(HK +KH)−D2. (29)
This commutes with all operators and its numerical value should equal m2ℓ2 to match the wave
equation. To calculate N , we first bring it into the form
N = [H, [Q20, H ]] + g +
3
4
(30)
after some straightforward operator manipulations. The remaining double commutator is inde-
pendent of g and can therefore be easily calculated by setting g = 0 in H . It may also be deduced
from the corresponding Poisson brackets. The final result is
N = g − 1
4
(31)
By comparing with the wave equation (5), we deduce that the normal ordering constant is
A = 1/4 (cf. (23)) and
g = m2ℓ2 +
1
4
(32)
We follow the procedure of [14] to construct the states in the Hilbert space. Define new operators
R, S:
R =
1
2
(
1
a
K + aH
)
,
S =
1
2
(
1
a
K − aH
)
. (33)
where a is a constant with dimension of length. We will let a = 1 for simplicity. R plays the role
of a Hamiltonian for the quantum mechanical system on I− whose eigenstates span the Hilbert
space. By including the dilation operator, R, S and D form the closed algebra O2,1,
[D,R] = iS [S,R] = −iD [S,D] = −iR. (34)
Next, we define raising and lowering operators
L± = S ∓ iD. (35)
These new operators, along with R form the closed algebra SL(2,R),
[R,L±] = ±L± [L+, L−] = −2R. (36)
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The Casimir operator for this algebra (29) can be written in terms of R,L+ and L− as
N =
1
2
(HK +KH)−D2 = R2 − R− L+L− (37)
The ground state energy can be found by operating on the ground state of R,
R|0〉 = r0|0〉, (38)
N |0〉 = r0(r0 − 1)|0〉 = m2l2|0〉. (39)
Thus, the ground state energy is
r0 =
1
2
(1±
√
1− 4m2l2). (40)
Therefore, r0 = h± (eq. (6)). Without loss of generality, we choose r0 = h+. The other choice
(r0 = h− = h⋆+) leads to a dual Hilbert space related to the one we are about to study via
complex conjugation. It should be noted that inner products ought to be defined in terms of
both Hilbert spaces, leading to normalization conditions such as (44).
By successively acting with the raising operators, we deduce the eigenvalues of R,
Rψn(q) = (r0 + n)ψn(q) (41)
In the position representation, we obtain the Schro¨dinger equation(
(1 + 2q2)
√
− d
2
dq2
+
g
q2
+ 2
√
− d
2
dq2
+
g
q2
q2
)
ψn(q) =
√
2(r0 + n)ψn(q). (42)
To solve the Schro¨dinger equation, it is convenient to introduce the transition matrix Tnk between
the two bases Φ+k (11) and ψn, at time φ = 0,
ψn(q) =
∫ ∞
0
dkT ⋆nkΦ+k (q), (43)
where we impose orthonormality, ∫ ∞
0
dq ψn(q)ψn′(q) = δnn′. (44)
The action of the three SL(2,R) generators on Φ+k translates to an action on the matrix elements
Tnk,
HˆTnk = kTnk , DˆTnk = −i
(
k
d
dk
+
1
2
)
Tnk , KˆTnk =
(
−k d
2
dk2
− d
dk
+
ν2
k
)
Tnk, (45)
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respectively. In this representation, the Schro¨dinger equation (42) becomes
1
2
(Hˆ + Kˆ)Tnk = (h+ + n)Tnk (46)
which can be solved. The solution is given in terms of Laguerre polynomials [14],
Tnk = 2
h+
C+
√
n!
Γ(n+ 2h+)
kνe−kL2νn (2k) (47)
where the normalization has been fixed as in [14] with the exception of the factor C+ which is
due to the different normalization condition we imposed on the wavefunctions Φ+k . It leads to a
unit norm for the wavefunction ψn. It is convenient to introduce the Laplace transform of Tnk
with respect to the energy k,
T˜n(φ) = 2−h+
∫ ∞
0
dke−kφ kν Tnk (48)
given in terms of the conjugate time variable φ. The additional energy factor kν ensures that
the action of the SL(2,R) generators is as expected. Explicitly,
T˜n(φ) = (−)
n
(C+)2
√
Γ(n+ 2h+)
n!
(
1− φ
1 + φ
)n+h+
(1− φ2)−h+ (49)
and the SL(2,R) generators act as (cf. eq. (45))
Hˆ T˜n = − d
dφ
T˜n , DˆT˜n = i
(
φ
d
dφ
+ h+
)
T˜n , KˆT˜n =
(
φ2
d
dφ
+ 2h+φ
)
T˜n. (50)
The two-point function is given by
G(φ, φ′) =
∞∑
n=0
T˜n(φ)T˜n(−φ′) (51)
Notice that we there is no complex conjugation on T˜n(−φ′), because it ought to be the complex
conjugate of the dual of T˜n which is itself related to T˜n by complex conjugation (cf. also the inner
product (44)). A short calculation reveals
G(φ, φ′) =
Γ(2h+)
22h+(C+)2
(φ− φ′)−2h+ = 2√πΓ(h+)
Γ(ν)
(φ− φ′)−2h+ (52)
in agreement with the de Sitter space result (19). Higher-order correlators may also be obtained
by using the standard methods developed in [14].
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If we demand periodicity of φ (φ ≡ φ + 2π), the above calculations become cumbersome.
The energy k takes on discrete values and the differential equations determining the transition
matrix Tnk turn into difference equations. Nevertheless, correlators may be deduced without
explicit calculations, because they are uniquely determined by the periodicity requirements and
their singularities.
To summarize, we have discussed the conformal quantum mechanical model which resides
on the boundary I− of two-dimensional de Sitter space in the infinite past. We calculated
the eigenvalues and corresponding eigenfunctions of the Hamiltonian and deduced correlation
functions. We showed that the Green functions agree with the propagators one obtains from the
de Sitter space wave equation. Most of our results are similar to those of ref. [14], even though
our Hamiltonian is different and the Schro¨dinger equation (42) cannot be solved explicitly. What
saves the day is the SL(2,R) symmetry which determines much of the structure of the conformal
theory as was shown in [14]. It would be interesting to extend our results to de Sitter spaces of
dimension higher than two and shed some light on the behavior of the conformal field theories
on the boundary.
9
References
[1] J. D. Brown, M. Henneaux, “Central Charges In the Canonical Realization Of Asymptotic
Symmetries: An Example From Three-Dimensional Gravity,” Commun. Math. Phys. 104
(1986) 207.
[2] V. Balasubramanian, P. Kraus, “A stress tensor for Anti-de Sitter gravity,” Com-
mun. Math. Phys. 208 (1999) 413 [hep-th/9902121].
[3] S. B. Giddings, “The boundary S-matrix and the AdS to CFT dictionary,”
Phys. Rev. Lett. 83 (1999) 2707 [hep-th/9903048].
[4] S. S. Gubser, “Non-conformal examples of AdS/CFT,” Class. Quant. Grav. 17 (2000) 1081.
[5] E. Witten, “Anti-de Sitter space and holography”, Adv. Theor. Math. Phys. 2 (1998) 253
[hep-th/9802150].
[6] G.T. Horowitz, R. C. Myers, “The AdS/CFT Correspondence and a New Positive Energy
Conjecture for General Relativity,”Phys. Rev. D59 (1999) 026005 [hep-th/9808079].
[7] L. Susskind, E. Witten, “The Holographic Bound in Anti-de Sitter Space,” hep-th/9805114.
[8] H. Boschi-Filho, N. R. F. Braga, “Compact AdS space, Brane geometry and the AdS/CFT
correspondence,” hep-th/0112196.
[9] S. Permutter, “Supernovae, dark energy and the accelerating universe: The status of the
cosmological parameters,” in Proc of the 19th Intl. Symp. on photon and lepton interactions
at High Energy LP99 eds. J. A. Jaros and M. E. Peskin, Int. J. Mod. Phys. A15 S1 2000
715 [eConfC 990809 2000 715 ].
[10] A. Strominger, “The dS/CFT correspondence,” JHEP 0110 (2001) 034 [hep-th/0106113].
[11] A. Strominger, “Inflation and the dS/CFT Correspondence,” hep-th/0110087;
A. C. Petkou, G. Siopsis, “dS/CFT correspondence on a brane,” hep-th/0111085.
S. Nojiri, S. D. Odintsov, “Wilson loop and dS/CFT correspondence,” hep-th/0112152.
10
A. J. M. Medved, “A Holographic Interpretation of Asymptotically de Sitter Spacetimes,”
hep-th/0112226.
A. M. Ghezelbash, D. Ida, R. B. Mann, T. Shiromizu, “Slicing and Brane dependence of
the (A)dS/CFT Correspondence,” hep-th/0201004.
[12] R. Bousso, A. Maloney, A. Strominger, “Conformal vacua and Entropy in de Sitter Space,”
hep-th/0112218.
[13] S. Cacciatori, D. Klemm, “The Asymptotic Dynamics of de Sitter Gravity in three Dimen-
sions,” Class. Quant. Grav. 19 (2002) 579 [hep-th/0110031].
[14] V. De Alfaro, S. Fubini, G. Furlan, “Conformal Invariance in Quantum Mechanics”, Il Nuovo
Cimento 34A (1976) 569.
11
